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Abstract Probabilistic reasoning in Bayesian networks is known to get the posterior distribution (Belief) of
random variables desired to infer from realized values (observations) of observable random variables. Abelief is
said to be $\pi-\lambda$ expressionable if the belief may be expressed by the likelihood $\mathrm{a}\mathrm{n}\mathrm{d}/\mathrm{o}\mathrm{r}$ the posterior probability
with respect to evidences of observable random variables. Though any belief in singly connected Bayesian
networks is believed to be $\pi-\lambda$ expressionable, any explicit demonstration of the proof for this fact is hardly
found in literatures. In the present paper we provide an elementary but rigorous description for the proof. In
addition, we show that the belief of more than two random variables is not necessarily $\pi-\lambda$ expressionable
even if the graph is singly connected and that it can be, in general, x-lexpressionable in aweak sense.
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$V$ , $V$ 2 $\vec{E}$ :
(1) $\vec{E}\subseteq\{(v,\iota’.|)|v,v’\in V,v\neq v’\}$
. , $V$ E\rightarrow :
(2) $\overline{G}.\cdot=(V,\overline{E})$
. $V$ $\overline{G}$ , $\overline{E}$ $\overline{G}$ .
($v,v’\}$ $v$ $\sqrt$ . ,





, $V$ , 2 :
(4) $E\subseteq\{\{\mathcal{V},\mathfrak{l}^{\prime’}\}|v,v’\in V,v\neq v’\}$




. , $G.\cdot=(V,E)$ G\rightarrow .
$\vec{G}=(V,\overline{E})$ $(v,v’)\in\overline{E}$ , $v$ $\sqrt$ , $v’$ $v$ . ,
$v\in V$ $\Pi_{\mathcal{V}}$ , $\Gamma_{1}$, .
$\overline{G}=(V,\overline{E})$ . $v,v’\in p’$ $m(\geq 1)$ $v1,\ldots.vn’-1\in$
(6) $(v,\eta),(|’1,v2),\ldots,(v_{1’-1},,v^{\mathrm{I}})\in\overline{E}$
, $v’$ $v$ .
1. $\overline{G}=(V,\vec{E})$ $\overline{G}$
.
$\overline{G}$ $G.\cdot=(V,E)$ , $v,v’\in V$ $m(\geq 1)$ $\eta,\ldots,v_{m-1}\in V$
(7) $\{v,\eta\},${ $v_{1}$ ,v2}....,{\mbox{\boldmath $\nu$} -bv’}\in E
, $v’$ $v$ . .
, $v’$ $v$ $v’$ $v$ .






$v’$ $v$ , $\sqrt$ $v$ ,
. .





( ) , .
( ) .
$(\Omega,\Lambda,P)$ . $\Omega,A,P$
, $\Omega$ $\sigma$ - ( ), $\Lambda$ . $X_{1},\ldots,X,$ . $(\Omega,A,P)$
. , $\{a)|X_{1}(\omega)=x_{1},\ldots,X,.(\omega)=x,.\}$
$P(\{X\downarrow=x_{1}\}\cap\cdots\cap\{X,$ . $=x,.\})$ $P(X_{1}=x_{1},\ldots,X_{r}=x,.)$ , ,
,
(8) $P(x_{1},\ldots,x,.)$
. , , $s=\{X|,\ldots,X,.\}$










4. $X_{1},\ldots,X_{l}$. $\overline{G}=(V,\vec{E})$ . $V=\{X,,\ldots,X_{r}\}$
. $X_{i}$ $\Pi_{X_{i}}$ .
( ) $P(x1’\ldots,x)r=P(x1|\pi_{X}, )\cdots P(x,. |\pi_{X},.)$
$X_{1},\ldots,x,$. , $\overline{G}$ $X_{1},\ldots,X,$ . Bayesian Net ( ,
BN ) . (11) .
$X_{1},\ldots,X,$. $P(x_{1}\ldots.,x,.)$ . , $X_{1},\ldots,X,$ .
, $\Pi_{X_{1}},\ldots,\Pi_{X_{r}}$




5. $S=\{X_{1},\ldots,X,.\}$ BN $X$ $S$ , $E$ $S$ ( $\chi$ )
. $E$ $e$
$X$ $X$ $P(X=x|E=e)$
$X$ , $\{E=e\}$ $X$
, . $X$ .
(12) $BEL(x|e).=P(x|e)$
, $E$ $X$ Belief .
Belief . , $X,Y$ $S$ , $E$ $S$
( $\chi,\gamma$ ) . $E$ $e$
$X$ $Y$ $X$ $y$
$P(X=x,Y=y|E=e)$ $x,y$ , $\{E=e\}$




, $E$ $X,Y$ Belief . 3
. , 1 Belief Belief .







$\chi_{2}$ $X_{4}$ $arrow$ $X_{6}$
, $X=X3$ , $E=\{X2,X5\}$ Belief: $BEL(x.|e)$
(15) $P(x_{3}|x_{2},x_{5})$








$\overline{G}=(V,\overline{E})$ , $W$ . , $W$
$\vec{F}.=\{(w, n’|)\in\overline{E}|1\mathrm{s}" w’\in W\}$ $\vec{H}.\cdot=(W.\overline{F})$ $W$
$\overline{G}$ .
$\overline{G}=(V,\vec{E})$ , $v$ G\rightarrow . , $v$ G\rightarrow
$v$ , $C_{\mathcal{V}}$ . $\overline{G}$ $1^{t}$
, $C_{v}$ $v$ .
$\vec{G}=(V,\overline{E})$ . $v$ G\rightarrow . , $V(v).\cdot=V\backslash \{v\}$
$\overline{G}$ $\overline{G}(v)=(V(v),\overline{E}(v))$ . , $\vec{G}(v)$ $x\in V(v)$ $C_{\tau}.(v)$
. , :
(17) $v^{+}. \cdot=\Pi_{\mathcal{V}}\cup(\bigcup_{x\in\Pi}‘.C_{X}(v)),$ $v^{-}:=\Gamma_{\mathcal{V}}\mathrm{u}(_{y\in\Gamma_{1}}\cup.Cy^{())}\iota’$








$v_{2}$ $v_{4}$ $arrow v_{6}$
[ $H\text{ }=\{v_{1},v_{2}\}$ , $C_{v_{1}}(v_{3})=C_{v_{2}}(v_{3})$ $=\emptyset$ $v_{3}$ $\mathrm{t}\mathfrak{h}^{+}=\{v1\cdot v2\}$ , $\Gamma_{v_{3}}=\{v_{5}\}$ , $C_{v_{5}}(\iota 3)$
$=\{v_{4},v_{6}\}$ $v_{3}$ $v_{3}^{-}--\Gamma_{v_{3}}\cup C_{v_{5}}(v_{3})$ $=\{v_{4},v_{5},v_{6}\}$ . $V=\{\eta,\ldots v_{6}\}$
$v_{3}$ : $V=$ $\{v3\}+\eta^{+}+v^{-}3$ .
, .
6. $\vec{G}=(V,\vec{E})$ . $v$ $\overline{G}$ .
G\rightarrow $V$ $v$ $v^{+}$ $v^{-}$ :
(19) $V=\{v\}+v^{+}+v^{-}$ .
, $v^{+}$ $v^{-}$ 1 , $\overline{G}$
(20) $v^{+}arrow varrow v^{-}$
[ . , (18) $v^{+}3arrow v3arrow v^{-}3$ .
$V(v).\cdot=V\backslash \{v\}$ G\rightarrow $\overline{G}(v).\cdot=(V(v),\vec{E}(v))$ , $\overline{G}(v)$
$G(v).\cdot=(V(v\rangle,E(v))$ .
126
$V=V(v\rangle$ $+^{l_{1}}|’$ } ( , (19) ( , $V(v)=V\backslash \{v\}$ $v^{+}$ $v^{-}$ (
. $V(v)=v^{+}\cup v^{-}$ $v^{+}\cap v^{-}=\emptyset$ . .
, $V(\mathfrak{l}’)=v^{+}\cup v^{-}$ . $V(v)\subseteq v^{+}\cup\iota^{-}$’ $V(v)\supseteq v^{+}\cup v^{-}$ . , .
$v$
$v^{+}$ $v^{-}$ , ,
(2 I) $v^{+}. \cdot=\Pi_{\mathcal{V}}\cup(\mathrm{I}\in\cup C_{X}(\mathrm{I}’))\Pi_{\mathrm{t}’}’ v^{-}.\cdot=\Gamma_{1’}\cup(,\bigcup_{)\in\Gamma_{\iota}}.C_{\mathrm{J}},(v))$
. ,
(22) $\Pi_{\mathcal{V}},\Gamma_{\mathcal{V}}\subseteq V(v)$
. , (21) $C_{\mathrm{Y}}.(v)$ $C_{J},(v\rangle$ $\overline{G}(v)$ $x$ $y$ .
(23) $C_{X}(v),C_{y}(v)\subseteq V(v)$
. , (21) , $V(v\rangle$ $\supseteq v^{+}\cup\gamma^{-}$ .
(v) $\subseteq v^{+}\mathrm{U}v^{-}$ . , $u\in V(v)$
$u\not\in v^{+}\mathrm{U}v^{-}$ . , , $u$ $v$
, G\rightarrow .
$u$ $v$ . $u$ $v$
(24) $\mathrm{t}v,\mathrm{n}1\},\ldots,\{\mathrm{t}\mathrm{t}_{\acute{m}},u\}$
. $u\in c_{w_{1}}(v)$ . , $||1$ $v$ $\in\Pi_{1}$, ,
(25) $u\in v^{+}=\Pi_{v}\cup(\mathrm{X}\in\cup,C_{X}(v))\Pi$
,
, $u\not\in v^{+}\cup v^{-}$ . , $v$ $\in\Gamma_{v}$ ,
(26) $u\in v^{-}=\Gamma_{v}\cup(_{1’\in\Gamma},,C_{y}(v))$
, $u\not\in v^{+}\cup v^{-}$ .
$v^{+}\cap v^{-}=\emptyset$ . , $u$ $v^{+}\cap v^{-}$ . (21)
, $v^{+}\cap v^{-}$
(27) $v^{+} \cap v^{-}=\{\Pi_{\mathcal{V}}\cap\Gamma_{v}\}\cup\{\bigcup_{x\epsilon\Pi_{\nu}}\Gamma_{1’}\cap C_{X}(\mathfrak{l}’)\}\cup\{\bigcup_{\mathrm{J}^{\prime\in\Gamma_{v}}}\Pi_{v}\cap C_{y}(v)\}\cup\{\bigcup_{x\mathrm{e}\Pi_{1^{1}},|’\epsilon\Gamma_{1}}.\cdot C_{x}(v)\cap \mathrm{C}_{y}(v)\}$





(30) $u\in\cup\Pi_{\mathcal{V}}\cap C_{\mathcal{V}}(\backslash r)$ ,
$y\in\Gamma,|$
(31) $u\in$ $\cup$ $C_{x}(v)\cap C_{y}(v)$ .
$.\tau\in\Pi_{1^{1}}.y\epsilon\Gamma_{\mathrm{t}}$ .
.
(28) , $u\in\Pi_{v}$ , $v$ $u$ $\overline{G}$ , ,
$u\in\Gamma_{\mathcal{V}}$ , $u$ $v$ G\rightarrow . $v$ $v$
, $\overline{G}$ .
(29) , $x\in\Pi‘$. , $v$ $x$ $\overline{G}$ ,
$u\in C_{\mathrm{Y}}.(v)$ , $x$ $n$ $\overline{G}$ , $u\in\Gamma_{v}$
, $u$ $v$ G\rightarrow . $v$ $v$
127
, $\overline{G}$ .
(30) , $v\in\Gamma_{\mathrm{Y}}$ , , $v$ ,$v$ $\overline{G}$ ,
$u\in C_{y\downarrow}(\mathrm{t}’)$ , $y$ $u$ $\overline{\mathrm{G}}$ , $u\in\Pi_{1}$,
, $u$ $\mathrm{t}’$ $\overline{G}$ . $v$ l $v$
, $\vec{\mathrm{G}^{\backslash }}$ .
(31) , $x\cdot\in\Pi_{\mathcal{V}}$ . $v$ $x$ G\rightarrow ,
$u\in C_{\lambda}.(v)$ , $X$ $u$ G\rightarrow , $u\in C_{1’}.(\iota^{r})$
, $u$ $y$ $\overline{G}$ , $y\in\Gamma_{\iota}$ , , $y$
$v$
$\tilde{G}$ . $v$ $v$ , $\overline{G}$
.
, , $v^{+}\cap v^{-}\neq\emptyset$ ,
$v^{+}\cap v^{-}=\emptyset$ .
Belief .
7. G\rightarrow $W$ BN , $X$ $W$ , $S,T$ $X$
, . , 6 , $W$ $\{X\}$ $S$ $T$ , $\overline{G}$ $Sarrow Xarrow T$
. , $E^{+},E^{-}$ $S,T$ , $E^{+}(E^{-})$




, , , $X$ Belief $\pi-\lambda$ .
(14) BN $X=X_{3}$ , $S=\{X1,X2\}$ , $T=\{X_{4},X_{5},X_{6}\}$ . $E^{+}=\{X2\}$ , $E^{-}=\{X5\}$
Belief : $BEL(x|e)$ , ,
(34) $BEL(x|e)=c\pi(x3|e^{+})\lambda(x3|e^{-})$
. $c$ . , BN $X$ Belief $\pi-\lambda$
.
, 9 ( ,
10 ). ,
, , , .
8. G\rightarrow $W$ BN , $X$ $W$ , $S,T$ $X$
, . , 6 , $W$ $\{X\}$ $S$ $T$ , $\overline{G}$ $Sarrow Xarrow T$
. , $T$ 1 .
$T$ $\vec{H}=$ $(T,\overline{F})$ .
, , H\rightarrow .
3 $\overline{H}$ . , .
, $T$ 1 , , $z_{0}\in T$
. $Z_{0}$ $Z_{1}\in T$ : $(Z_{0},Z_{1})\in\overline{F}$ . , $Z_{1}$ $\mathrm{z}_{2}\in T$ :
$(\mathrm{z}_{1},\mathrm{z}_{2})\in\vec{F}$ . ,




. , , $T$ , $m$
, , $z_{t}$. . (35) , $Z_{k}$ }
. $\overline{H}$ .
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9. $\overline{G}$ $W$ BN , $X$ $W$ , $S,T$ $X$
, . , 6 , $W$ $\{X\}$ $S$ $T$ , $\overline{G}$ $Sarrow Xarrow T$
. , $S$ $T$ $X$ . ,
(37) $P(s,t|x.)=P(s|x.)P(t|x.)$
.
$T$ . , $T$ $Z_{1}$
, $\mathrm{B}\mathrm{N}$ $sarrow Xarrow Z_{1}$ , $\Pi_{Z_{1}}=\{X\}$ . $\mathrm{B}\mathrm{N}$
(38) $(. \prod_{v\in s}.P(y|\pi\gamma))P(x|\pi\chi)P(z_{1}|x)$
$=( \prod_{y’\in s}.P(y|\pi_{\mathrm{Y}}))P(x|\pi_{X})P(z_{1}|\pi_{Z},)$
$=P(s,x,z1)=P(s)P(x|s)P(z1|s,x)$
. $\Pi_{\mathrm{Y}}$ $\Pi_{X}$ $Z_{1}$ , $x_{1}$
(39) $( \prod_{y\in s}P(y|\pi_{\mathrm{Y}}))P(x|\pi_{X})=P(s)P(x|s)$
. (38)& $P(z_{1}|x)=P(z_{1}|s,x)$ . [ $P(z_{1}|s,x)=P(z_{1},s|x)/P(s|x)$
$P(z_{1},s|x.)=P(z_{[}|x)P(s|x)$ , $S$ $Z_{1}$ $X$
. $T$ 1 .
$T$ $m$ ( ). , $T$
$Z_{1},\ldots,Z_{n},,Z_{m+1}$ $m+1$ .
BN , 8 , $T$ 1
. , , $W.=Z_{m+1}$ , $T=R\cup\{W\}=\{Z_{1},\ldots,Z_{n\iota},W\}$
. , $Sarrow Xarrow Rarrow W$ BN . BN
(40) $( \prod_{y\in s}.P(y|\pi_{\mathrm{Y}}))P(\mathrm{x}|\pi_{X})(\prod_{z\in},.P(z|\pi_{Z}\rangle)P(\iota v|\pi_{W})$
$=P(s,x,r,w)=P(s)P(x|s)P(r|s,x)P(w|s,x.r)$
. $R$ $Z$ $\Pi_{Z}$ $W$ (40) $w$
(41) $( \prod_{y\epsilon s}P(y|\pi_{\mathrm{Y}}))P(x|\pi_{X})(\prod_{z\in},.P(z|\pi_{Z}))$
$=P(s)P(x|s\rangle P(r|s,x)$
. (40)
(42) $P( \mathrm{n}’|\pi_{\psi})=P(w|s,x,r)=\frac{P(w,s,r|x)}{P(s,r|x)}$ ’
,
(43) $P(w|\pi W)P(s,r|x)=P(w,s.r|\mathrm{J})$










. , $S$ $T=R\cup\{W\}$ $X$ .
10. 9 , $E^{+},E^{-}$ $S,T$ . ,




. $S\backslash E^{+}$ $T\backslash E^{-}$
(50)
$P(e^{+},e^{-}|x)= \sum_{s\backslash e^{+}\cup t\backslash e^{-}}P(s,t|x)$
$=(. \sum_{s\backslash e^{+}}P(s|x))(\sum_{l\backslash e^{-}}P(t|.\backslash \cdot))=P(e^{+}|x)P(e^{-}|x)$
.
11. $\vec{G^{1}}$ $W$ BN , $X$ $W$ , $S,T$ $X$
, . , 6 , $W$ $\{X\}$ $S$ $T$ , $\overline{G}$ $Sarrow Xarrow T$
. , $E^{+},E^{-}$ $S,T$ ,
. , $X$ Belief $\pi-\lambda$ .
$X$ Belief , ,
(51) $BEL(x\cdot|e^{+},e^{-})=P(x|e^{+},e^{-})$
$= \frac{1}{P(e^{+},e^{-})}P(e^{-}|x.e^{+})P(x.|e^{+})P(e^{+})$







Belief, , Belief $\pi-\lambda$
. , 2 ,
3 , , .
, $\pi-\lambda$ 12 13 .









$arrow$ $X$ $arrow$ $E_{2}$ $arrow$ $Y$ $arrow$ $E^{-}$





. , , $E^{+},X,E_{1},E_{2}$ ,Y. $E^{-}$
(57) $P(e^{+},x,e1,e2,y.e^{-})=P(e^{+})P(x|e^{+})P(e_{l},e_{2}|e^{+},x)P(y|e^{+},x,e1 ,e2)P(e^{-}|e^{+},x,e1,e2,y)$
. $e^{+},x,e_{1},e_{2}$ $e^{-}$ $y$ $P(e^{-}|e^{+},x,e],e_{2},y)=P(e^{-}|y)$ .
, $e^{+},x$ $y$ $e_{1},e_{2}$ 9






, $\pi-\lambda$ . $BEL$ $BEL(x^{-},y|e^{+},a,b,e^{-})$ , $p\propto q$ $P$
$q$ .




$arrow$ $X$ $arrow$ $E$ $arrow$ $Y$ $arrow$ $E^{-}$
(61)
$A\uparrow$
$E^{+}$ $arrow$ $X$ $arrow$ $E$ $arrow$ $Y$ $arrow$ $E^{-}$
, BN . , $E^{+},E^{-},E$ . , $X,Y$
Belief $\pi-\lambda$ .
, $X,$ $Y$ Belief
(62) $BEL(x,y|e^{+},e,e^{-})=P(x.y|e^{+},e,e^{-})$
$= \frac{P(x,y,e^{+},e,e^{-})}{P(e^{+},e,e^{-})}\propto\sum_{a}P(e^{+},x,a,e,y,e^{-})$
. , , $E^{+},X,A,E,Y,E^{-}$
(63) $P(e^{+},x,a,e,y,e^{-})=P(e^{+})P(x|e^{+})P(a,e|e^{+},x)P(y|e^{+},x,a,.e)P(e^{-}|e^{+},x,a,e,y)$
. $e^{+},x,a,e$ $e^{-}$ $y$ $P(e^{-}|e^{+},x,a,e,y)=P(e^{-}|y)$ .
, $e^{+},x$. $y$ $a,e$ $\dot{\tau}^{\backslash }$ 9





(65) $BEL\not\subset P(x|e^{3})\lfloor\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}^{\mathrm{p}(a,e}|x)P(y|a,e)\rfloor P(e$ $\ovalbox{\tt\small REJECT})$
.
(60) BN . $\mathrm{J}^{J}$ $a$ $e$ ,
$P(,v|a,e)=P(y|e)$ ,



















$arrow$ $X$ $arrow$ $A$ $arrow$ $Y$ $arrow$ $E^{-}$
(71)
$E\uparrow$
$E^{+}$ $arrow$ $X$ $arrow$ $A$ $arrow$ $\mathrm{Y}$ $arrow$ $E^{-}$






, $\pi-\lambda$ . , , Belief
, $\pi-\lambda$ .
13
(73) $BEL \propto P(x|e^{+})[\sum_{u}P(a,e|x)P(y|a,e)]P(e^{-}|y)$
132
, 13 , $Y$ $A$ $E$ $A$ $\mathrm{A}$ )
$\mathrm{A}$ ) , Belief
.
, Belief ? \acute $\pi-\lambda$
.
5.
BN Belief $\pi-\lambda$ , Belief {
. 9 $\backslash$ [ , $l1$
$\pi-\lambda$ .
, Belief $\pi-\lambda$ 1 $l\backslash$
Belief $\pi-\lambda$ {
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